This paper studies arbitrage pricing theory in financial markets with transaction costs. We extend the existing theory to include the more realistic possibility that the price at which the investors trade is dependent on the traded volume. The investors in the market always buy at the ask and sell at the bid price. Transaction costs are composed of two terms, one is able to capture the implicit transaction costs and the other the price impact. Moreover, a new definition of a self-financing portfolio is obtained. The self-financing condition suggests that continuous trading is possible, but is restricted to predictable trading strategies which have left and right limit and finite quadratic variation. That is, predictable trading strategies of infinite variation and of finite quadratic variation are allowed in our setting. Within this framework, the existence of an equivalent probability measure is equivalent to the absence of arbitrage opportunities, so that the first fundamental theorem of asset pricing (FFTAP) holds. It is also proved that, when this probability measure is unique, any contingent claim in the market is hedgeable in an L 2 -sense. The price of any contingent claim is equal to the risk-neutral price. To better understand how to apply the theory proposed we provide an example with linear transaction costs.
Introduction
The subject of this paper is the study of the arbitrage pricing theory in continuous time markets with implicit transaction costs. These implicit costs are measured as the difference between the trade and the benchmark price, given by the mid-price. To each trade corresponds a different price, the ask and the bid price, depending on whether the trade is a buy or a sell. The trade prices and the mid-price depend both on the order size of the trade.
The standard arbitrage pricing theory assumes, among other things, that every asset in the market can be traded without any transaction costs. A large body of theoretical research in economics and finance has relaxed the assumption of no transaction costs in continuous time setting. The impact of transaction costs on the investment decision making has been analyzed on several papers in the economic literature such as Constantinides [9] , Davis and Norman [11] , Dumas and Luciano [16] , Amihud and Mendelson [1] , Gerhold et al. [19] , and many other papers.
Several papers in the finance literature also analyze the effects of the introduction of transaction costs on the standard arbitrage pricing theory. For example, Guasoni [20] introduced a simple criterion for the absence of arbitrage opportunities under proportional transaction costs and under some additional assumptions regarding the return process. Several other valuable papers try to prove different versions of the first fundamental theorem of asset pricing (FFTAP) under transaction costs. Guasoni et al. [21] prove a version of the FFTAP for continuous time market models with small proportional transaction costs. The paper by Denis et al. [14] proves also a version of the FFTAP with transaction costs where the bid and the ask prices are assumed to be locally bounded cádlág (right-continuous with left limits) processes. Other papers include, for example, Jouini and Kallal [29] , Cherny [8] , Denis and Kabanov [15] .
There is also a considerable literature dealing with the problem of the derivative contract hedging in the presence of transaction costs. In a market with proportional transaction costs, Leland [32] introduced a sophisticated method in order to hedge the European call option on a discrete time scale. Kabanov and Safarian [30] show that the value of the replicating portfolio converges to the payoff of the European call option for arbitrary small transaction costs. For other related literature on the hedging problem, see also Bensaid et al. [3] , Soner et al. [36] , and Hodges and Neuberger [26] .
In reviewing the finance literature studying the arbitrage pricing theory with transaction costs, two things are noted. First, in all of the studies, admissible trading strategies are restricted to trading strategies that are of bounded variation. Second, the FFTAP generally states the equivalence between no arbitrage opportunities and the existence of a consistent price system. Moreover, the hedging is impossible. The hedging approaches proposed in these papers are valid only in a dicrete time framework, since the dynamic hedging strategy becomes impossible when transaction costs are present. Finally, the ask and the bid price are supposed to not depend on the traded volume.
To overcome these limits, we propose a transaction cost economy made up with one risky and one riskless asset, where the investors buy and sell the risky asset at the ask and the bid price. We suppose these prices depend not only on time, but also on the traded volume, i.e. A(t, y) and B(t, y), where y > 0 gives a buy order of size y and y < 0 a sell order of size y. The influence of the traded volume on the trade price is evidenced in the literature by different authors, for example, Engle and Patton [17] , Hasbrouck [23] , Barclay and Warner [2] , and Blais and Protter [5] . A common feature of all these studies is that traded volume has an impact on the trade price. The only difference being the size of the traded volume. The A(t, y) and B(t, y) are assumed to be C 2 in the traded volume and, A(t, 0), B(t, 0) positive cádlág semimartingales. A(t, 0) and B(t, 0) are the prices at which a risky asset would trade in an informationally efficient market without transaction costs. For this reason, they are supposed to be equal. The admissible trading strategies are predictable, with left and right limits, and have finite quadratic variation. The self-financing condition is composed of the usual standard self-financing condition, implicit transaction costs, and the price impact as measured by the comovement of the mid-price with the trading strategy.
The no arbitrage (NA), the no free lunch with vanishing risk (NFLVR) properties, and the FFTAP are still true in our framework. While the proof of the NA property proceeds along exactly the same lines as the standard proof, the proof of the NFLVR property follows similar arguments employed by Ç etin et al. [10] in the proof of the FFTAP. The authors develop a mathematical model including liquidity risk into the standard arbitrage pricing theory. They show, among other things, that there are no arbitrage opportunities in their setting if and only if there exists an equivalent local martingale measure. The basic idea of the proof is to assume that there exists a second type of economy with zero transaction costs (called the standard economy) in addition to the transaction cost economy. The desired result can then be obtained by showing that the standard and the transaction cost economy are equivalent for the NFLVR property.
Although the proposed economy satisfies the FFTAP, it is incomplete, unless we modificate the definition of completeness. Even though the market is incomplete in the almost surely sense, we show that any contingent claim can be hedged in the L 2 -sense if an unique equivalent probability measure exists. The price of every contingent claim is given by the standard risk-neutral price.
Taken together, these results make two principal contributions to arbitrage pricing theory. First, they show that the FFTAP is valid even when transaction costs are present. Indeed, NFLVR is equivalent to the existence of an equivalent probability measure. When this probability measure is unique, it is also a sufficient condition to conclude that any contingent claim in the transaction cost economy is hedgeable in an L 2 -sense. Last but not least, they are proved under the realistic assumption that the trade price depends on the traded volume.
Another important result shown in the paper is that continuous trading is not only limited to finite variation trading strategy. In particular, infinite variation trading strategies with finite quadratic variation are allowed in our setting. A notable example is given by the replicating trading strategy of the European call/put option.
Overall, I believe that these findings will improve the understanding of the effects of the transaction costs on the arbitrage pricing theory.
The structure of the paper is as follows. Section (2) presents the model, describing the main assumptions of the model. Section (3) derives the self-financing portfolio for predictable cádlág and cáglád trading strategies. Section (4) is dedicated to the proof of the FFTAP. Section (5) studies market completeness. Section (6) provides an example of a linear transaction cost economy by extending the obtained results to the case of the Black-Scholes (BS) model. Section (7) concludes the paper.
The market model
For a fixed time trading horizon [0, T ], consider the filtered probability space (Ω, F, F, P). The filtration F = (F t ) (0≤t≤T ) satisfies the usual conditions of completeness and right-continuity and P denotes the reference probability measure. The sigma algebra F is generated by ∪ t∈[0,T ] F t , and F 0 is trivial, i.e. F 0 = {∅, Ω}.
The reference economy is composed of two assets, one riskless and one risky. The riskless asset plays the role of the numeraire, and for simplicity, it is assumed to be constant, i.e. has a zero rate of return. The risky asset is a stock. The price at which shares of the stock can be bought or sold is different. The representative investor builds a portfolio by combining an investment mix of stock and riskless asset.
Trading strategies
In the following subsection, trading strategies are defined.
Definition 1 (Trading strategies). A trading strategy, or portfolio, is given by
, where Z 0 t and Z 1 t denote the number of units held at time t of the riskless asset and the risky asset. The processes Z 0 and Z 1 are assumed to be predictable. It is also assumed that the left and the right limit of Z 1 exist.
Note that the predictability assumption above implies that one has in fact some natural candidates for the stochastic processes Z 0 and Z 1 , namely the left-continuous adapted processes (cáglád, left-continuous with right-hand limits adapted processes), predictable cádlág processes and, obviously, all continuous adapted processes.
Transaction costs
Trading in the stock, that is, buying or selling the stock, incurs transaction costs. According to Keim and Madhavan [31] , these costs can be divided in explicit and implicit. Examples of explicit costs include brokerage commissions, administrative costs, and transaction securities taxes. On the other hand, implicit transaction costs concern the difference between the transaction price, namely, the price that the investor pays for the stock, and the price that would prevail without the trade happening. While explicit costs are easy to track in practice, the measurement of implicit costs would require a benchmark price against which to compare the transaction and the non-transaction price.
This paper ignores the explicit costs and focus only on the implicit costs. In this paragraph, we look at how these costs can be explicitly measured. The next section shows how these costs can be included in a self-financing portfolio.
Let Z 1 τ i−1 be the amount of stock held by the investor on the interval (τ i−1 , τ i ], and suppose that at time τ i the investor adjusts his holding from Z 1 τ i−1 to Z 1 τ i the amount to be held over the interval (τ i , τ i+1 ]. Further suppose the price the investor could sell and buy the stock is B τ i and A τ i , respectively the bid and the ask price, with ask price being greater or equal then the bid price. The size of the transaction amounts to Z 1
indicates a buy, a negative sign a sale, and Z 1 τ i − Z 1 τ i−1 = 0 indicates no trading in the risky asset at time τ i . Explicit transaction costs are easy quantifiable in practice since they involve direct monetary payments. Implicit transaction costs by contrast are more difficult to measure because they do not lead to a physical exchange of money. Usually in finance literature and by most professional traders, they are determined as the difference between the transaction price and a benchmark price. A common benchmark is given by the quotation mid-point.
Assumption 1 (Implicit transaction costs). Given a transaction of monetary value
, where M τ i is the mid-price.
Note that the bid and the ask written differently look like
2 , where P τ i gives the bid-ask spread.
Assumption 2 (The ask and the bid price). The prices A and B are assumed to depend on time and on the order size, i.e. A = A(t, y) and B = B(t, y), where A(t, y) (B(t, y)) are adapted to the filtration F and non-negative, and A(t, 0)(B(t, 0)) are non-negative special cádlág semimartingales adapted to F with canonical decomposition X = X 0 +M +A, where M is a cádlág F-local martingale starting at 0 and A a cádlág predictable process of bounded variation starting at 0. It is also assumed that A(t, 0) (B(t, 0)) belong to the space
denotes the quadratic variation and T V (A) the total variation. Moreover, A(t, y)(B(t, y)) are C 2 in y, and A ′ (t, y)(B ′ (t, y)), A ′′ (t, y)(B ′′ (t, y)) cádlág locally bounded in t, where
and
Since M (t) = 1 2 (A(t) + B(t)) and Pt 2 = M t − B t = A t − M t , the Assumption (2) holds in toto for the processes P and M . That is, M = M (t, y) and P = P (t, y) satisfy Assumption (2) with A(B) replaced by P and M .
The Assumption (2) emphasizes the important role of the order size on the transaction price. The standard arbitrage pricing theory is based on the assumption that the order size does not influence the trade price. While mathematically convenient, in practice the effect of the traded volume on prices cannot be neglected. Indeed, this is what happens in quote-driven markets where a market maker (or more than one market makers) post their bids and ask prices based on the amount y of the security. When there are multiple market markets, we may assume that the investor sell at the highest bid and buy at the lowest ask price, so that the mid-price gives the arithmetic average of the best ask and bid. Examples of these markets include the London SEAQ system and NASDAQ.
The dependence of the ask and the bid price on the traded volume is also present in an order driven market, like the NYSE market. Many empirical works conclude that trade size matters in determining the ask and the bid price, but only up to a certain interval of the traded volume. For example, Engle and Patton [17] analyzes the quote price dynamics of 100 NYSE stocks through an error-correction model, and find that a trade with volume between 1, 000 and 10, 000 shares has a significant influence on the ask and the bid price. On the contrary, Hasbrouck [23] using a vector autoregressive model for a sample of NYSE stocks concludes that large trades increase the bid-ask spread and the mid-price more than the small trades. Using the fact that most of the trading on the NYSE market occurs at the national best quotes (see, for example, Blume and Goldstein [6] ), we can also easily derive the mid-price as the arithmetic mean of the best ask and bid price.
For a good overview of the market microstructure foundations see Hautsch [24] .
Example 1 (Implicit transaction costs). Consider a setting in which the order size of the investor is Z 1
when the investor buys and
give the price per share for the purchase (sale) of ∆Z 1 τ i units of the stock. It also follows that the implicit transaction costs amount to ∆Z 1
and −∆Z 1
3 Portfolio dynamics
Discrete case
The portfolio value process at time τ i is given by
Recalling what Z 1 and Z 0 mean, the last equation says that the value of the portfolio has to be evaluated using the non-traded mid-price, that is the price unaffected by traded volume.
Assumption 3 (Non-traded price). The price M (t, 0) will be interpreted as the price corresponding to an informationally efficient market with zero trading costs, where the bid-ask spread is zero (see Roll [35] for a discussion). That is, A(t, 0) = B(t, 0) = M (t, 0) and
We want to study self-financing portfolios, i.e. portfolios without exogenous infusion or withdrawal of money. The notion of self-financing portfolio becomes more apparent with simple predictable trading strategies. We choose to work in this paragraph with cáglád trading strategies of the form
is a finite sequence of stopping times and Z 1 τ i−1 a F τ i−1 -measurable random variable with |Z 1 τ i−1 | < ∞. We also include in this trading strategy the amount of the stock to be held after time T ,
] (u) with τ n+1 finite and Z 1 T bounded and F T -measurable. Usually in finance literature is suppoosed that Z 1 0 = 0 and Z 1 T = 0. That is the investor has zero initial holdings in the stock and zero holdings after the trading horizon T . The derivation of the self-financing portfolio in the cádlág case works in the same way.
Definition 2 (Self-financing portfolio). A portfolio Z is said to be self-financing if for each i = 1, 2, ..., n
where
and sgn(X) = 1 for X ≥ 0 and -1 for X < 0.
Equation (2) can be easily obtained by considering two distinct cases, ∆Z 1 τ i ≥ 0 and ∆Z 1 τ i < 0. If ∆Z 1 τ i ≥ 0, the amount of the riskless asset (cash) exchanged by the investor is
That is, the investor pays the ask price when he buys and the bid price when he sells. Applying the Taylor approximation to P , equations above may also be written as
for ∆Z 0 τ i < 0. Using the fact that the spread in the imaginary economy (P (τ i , 0)) is zero, the Equations (3) and (4) can be rewritten as
That is, the self-financing equation can be stated as
Using Equations (1) and (5), and applying again the Taylor approximation to the mid-price, the self-financing portfolio becomes
Recursively substituting, the value of the portfolio at time T assumes the following form
Remark 1 (The portfolio value process). The right-hand side of Equation (6) accounts for the portfolio's value in the transaction cost economy. V Z 0 gives the initial value of the portfolio in the standard (transaction cost) economy. The second term gives the capital gain in the standard economy. Appendix (B) provides a brief review of the standard arbitrage pricing theory. The term
captures the so-called price impact (see, for example, Huberman and Stanzl [27] for a more detailed discussion of this concept). This can be easily observed by writing the latter term as
means that the mid-price moves up when the investor buy, and viceversa. Finally, the last terms are given by
which gives the implicit transaction costs registered over all time periods from 0 to T .
Continuous case
Appendix (A) shows the derivation of the self-financing portfolio in the continuous case. More specifically, for each t ∈ [0, T ], the self-financing portfolio reads
when Z 1 is cádlág, and
when Z 1 is cáglád.
First fundamental theorem under transaction costs
The goal of the present section is to give conditions for absence of arbitrage opportunities in the model illustrated in the previous sections. As a first step, we will first show that there is NA in the transaction cost economy if there exists an equivalent local martingale measure. Then, we will prove that there is NFLVR in the transaction cost economy if and only if there exists an equivalent local martingale measure. Before presenting the results, it is necessary to introduce and formalize two key concepts, portfolio admissibility and arbitrage opportunity.
Definition 3 (Admissible portfolios
Intuitively, the idea of an arbitrage opportunity is relatively easy to understand -a portfolio is an arbitrage opportunity when it allows investors to make money for no risk. Formalizing the concept, however, is more complicated than one might think. With regard to arbitrage opportunities, one has to make a distinction between two standard concepts, NA and NFLVR. The distinction between NA and NFLVR is important since the former is not sufficient to exclude approximate arbitrage opportunities.
The reader familiar with the standard arbitrage pricing theory will at this point recall that the standard definition of an arbitrage is as follows. 
A market is arbitrage-free if there are no admissible trading strategies Z 1 satisfying (10).
The goal now is to prove that the transaction cost economy excludes trading strategies which satisfy the above definition. In order to prove the result, we will need the following assumption and lemma.
Assumption 4 (Price sensitivity). From now on, we assume that
Lemma 1 (Transaction costs term). Given Assumption (4), the processes
are non-negative and increasing on the interval [0, T ].
Proof. First, note that T = 0. We prove the lemma for the case of Z 1 cádlág. The cáglád case is similar. Write the integrals in (11) as
Recall that by assumption M ′ (t, y) > − 
The result follows by taking the limit. Do the same for the sums in (11) and conclude that T
is greater or equal to zero. Showing that T
is an increasing process is a straightforward exercise. Take t ′ > t, then
and C t ′ ≥ C t . Since one can repeat the same argument to the sums, the result follows for T
We are now ready to state the following theorem which is crucial in the arbitrage pricing theory.
Theorem 1 (NA).
If there exists an equivalent Q-local martingale measure such that M (t, 0) is a Q-local martingale, then the transaction cost economy has NA.
Proof. The proof of the theorem is derived by using similar arguments as in the standard theory of arbitrage pricing. Let Q be an equivalent local martingale measure and suppose there exist an arbitrage trading strategy Z 1 such that V Z 0 = 0, V Z T ≥ 0 a.s P and P(V Z T > 0) > 0. Then, since Q is equivalent with respect to P, one easily deduces that also 0) is a Q-local martingale, it follows that also (0,t] Z 1 u dM (s, 0) is a Q-local martingale. One can then show using Fatou lemma that, since (0,t] Z 1 s dM (s, 0) is bounded from below, it is also a Q-supermartingale. Moreover, the processes T − and T + are positive and non-decreasing. This implies that also V Z is a supermartingale. Therefore, 0 ≥ E Q (V Z T ). This is a contradiction to the arbitrage definition and thus showing that an arbitrage cannot exists.
The rest of this section provides necessary and sufficient conditions for the transaction cost economy to be free of arbitrage opportunities, thus excluding free lunch with vanishing risk (FLVR). Moreover, it provides an extension of the FFTAP to the economy with transaction costs. Before proceeding further, we will first provide a definition of what we mean by FLVR. converges in probability to some positive limit V , then V = 0 a.s..
Let's focus on the point (b) of Definition (5). We note that if this point is true, then there must necessarily happens the following
n ,− T (13) and lim
where the inequality must hold on a set of positive probability. The quantities T Z 1 n ,− T and T Z 1 n ,+ T are greater or equal to zero from Lemma (1), so the limit is also greater or equal to zero. Now, let's take a look at the left-hand sides of Equations (13) and (14) . The limit in both cases is taken over the stochastic integrals (0,T ] Z 1 n,s dM (s, 0), with predictable integrands. It is well-known that these integral can be (uniformly on compacts in probability) approximated by stochastic integral with continuous and bounded variation integrands (see Protter [33] , Cetin et.al cetin). For the sake of completeness we give here a short proof of this important result. Proof. Suppose Z 1 is cáglád. Then Z 1 is locally bounded (bounded on compacta), and it can be written as the a.s. limit of the following process m,u − Z 1 u )dA u | tends to zero in probability. The stopping time T k can be choosen such that X T k is square integrable martingale. Then,
goes to zero as m → ∞. Applying Doob's inequality, we have that sup s∈[0,T ] | (0,T ] (Z 1 m,u − Z 1 u )dX T k | tends to zero in probability. The final result follows by letting T k goes to infinity, and noting that for every s, P(s ≤ T k ) tends to one as T k goes to infinity.
Using the fact that (0,T ] D s dM (s, 0) = (0,T ] D s− dM (s, 0) (uniformly on compacts in probability) with D 0− = 0 for every cádlág (cáglád) process (see Protter [33] ), that is, it is sufficient to consider only cáglád processes. Then, the result above easily extends to cádlág predictable integrands.
Given Theorem (2), integrals of the form (0,T ] Z 1 n,s dM (s, 0) can be written as the limit in probability of (0,T ] Z 1 mn,s dM (s, 0), with Z 1 mn continuous of bounded variation. As a result, there exists a
. From this fact, it turns out that convergence in probability of (0,T ] Z 1 n,s dM (s, 0) to a random variable g as n → ∞ implies also convergence in probability of (0,T ] Z 1 m k n,s dM (s, 0) to g as k, n → ∞. In particular, for k sufficiently large (0,T ] Z 1 m k n,s dM (s, 0) converges in probability to g as n → ∞, and 0) is α-admissible. The above theorem is important since it permits to restrict ourselves to admissible continuous trading strategies of bounded variation. More specifically, thanks to this theorem, T Thus we have proved the following lemma.
Lemma 2. There is NFLVR in the standard economy if and only if there is NFLVR in the transaction cost economy.
We are now in a good position to state the main result of this section.
Theorem 3 (FFTAP).
The transaction cost economy satisfies NFLVR if and only if there exists an equivalent Q-local martingale measure to P such that M (t, 0) is a Q-local martingale.
Proof. The proof of this theorem is a straightforward activity. Suppose the NFLVR holds. Then, from Lemma (2) it follows that also the standard economy has NFLVR. Therefore, the existence of the Q-local martingale measure is guaranteed by the standard FFTAP (see Appendix (B)). For the converse, assume there exist an equivalent Q-local martingale measure. Using again the standard FFTAP, we have NFLVR in the standard economy and by Lemma (2) a NFLVR in the transaction cost economy.
Hedging in the transaction cost economy
In this section we assume that an equivalent Q-local martingale measure exists and hence both economies in the previous section are free of arbitrage opportunities. Note that this fact is independent of whether the admissible trading srategies are continuous of bounded variation or simply cáglád (cáglád). The arbitrage-free is then used to determine whether or not the transaction cost economy is complete.
Assumption 5 (Quasi-left continuous mid-price). In addition to Assumption (2), for this section, we will assume that M (t, 0) is a quasi-left continuous process, i.e. M (t, 0) does not jump at predictable times (see Jacod and Shiryaev [28] for a definition).
Definition 6 (Contingent claim). (i) A contingent claim is any F T -measurable random variable
X with E Q (X 2 ) < ∞. A contingent claim X is called hedgeable (or replicable or attainable) if there exists an admissible self-financing portfolio Z 1 such that Q a.s
(ii) The transaction cost economy is called F T -complete if every contingent claim is hedgeable.
Assumption (5) together with the existence (uniqueness) of the equivalent measure implies the standard economy is complete, which is satisfied, for example, by the Brownian motion, compensated Poisson process and Azéma martingales. For a discussion on the martingales satisfying the predictable representation property (see Protter [34] ). This means that M (t, 0) has the martingale representation property and the standard second fundamental theorem of asset pricing (SFTAP) holds (see Appendix (B)). In other words, X = b+ (0,T ] Z 1 s dM (s, 0) for some admissible predictable trading strategies
gives the risk-neutral price of the contingent claim X in the standard economy. Combining this result, for each X, there exists an admissible trading strategy D with (15) can be written as 
That is, the price of the contingent claim X in the transaction cost economy is equal to the standard risk-neutral price E Q (X).
We can thus come to the conclusion that the transaction cost economy is incomplete in the sense of Definition (15), but any contingent claim can be hedged in the L 2 (Q)-limit by continuous bounded variation strategies, namely we have the following result Theorem 4 (Completeness). Suppose there exists an unique equivalent Q-local martingale measure to P such that M (t, 0) is a Q-local martingale. Then, any contingent claim in the transaction cost economy can be approximated in the L 2 (Q)-sense.
An example of a transaction cost economy
The goal of this section is to apply the results from the previous sections to a transaction cost economy that is linear in the order size. The linear form of the transaction cost economy is motivated by the work of Engle and Patton [17] and Hasbrouck [23] , which we discussed in Section (2) . Other studies also find a linear relationship between the trade price and the traded volume. For example, (Blais [4] ) and (Blais and Protter [5] ) show by using a linear regression model that for liquid stocks this relationship is linear with time varying slope and intercept, and with a significance level of 0.9999. The proposed linear supply curve is of the form
where N t is a stochastic process with continuous paths and S(t, 0) the marginal price process. Note that the sensitivity of the price to the order size, N t , is the same both for the buy and sell orders.
Going back to our framework, one trivially note that we need two different processes for the ask and the bid price. We assume that these processes are of the following form
where γ t > 0, δ t > 0, A(t, y) > B(t, y) and M (t, 0) is a continuous semimartingale. Equations in (16) may be negative from a mathematical point of view, but this is practically impossible since the ask and the bid price are positive. The Equations in (16) should be read as the supply curve equations of the ask and the bid price, which means that they give the price of a share of the stock when the investor wants to buy or to sell y shares of a given stock. Fix now t. The coefficients γ t and δ t determine how the ask and the bid price respond to a change in the order size. One would expect these coefficients to be very small for liquid stocks. Then, (16) gives the equations of two lines, with positive intercepts and slopes. It thus follows that the ask and the bid prices are an increasing function of the order size y. Another way of saying this is that the ask and the bid price are high for high positive orders and low for high negative orders.
We can use (16) to derive the mid and the bid-ask spread, which are respectively given by
We should also emphasize that A(t, 0) and B(t, 0) are equal to the non-traded mid-price M (t, 0), and P (t, 0) = 0. This is exactly the situation corresponding to the standard economy, where we have a single price independent of the order size. Since A(t, y) > B(t, y), we have also that the bid-ask spread is positive and increasing in the traded volume. One can easily check that the linear transaction cost economy satisfies the assumptions made on the previous sections, and so the value of the portfolio can be derived as in Subsection (3.2).
Black-Scholes model
Suppose M (t, 0) is a semimartingale similar to those used by Black and Scholes (BS). In the BS model the stock price evolves according to a geometric Brownian motion with constant drift and volatility. It follows that, under the probability measure P, the stock price dynamics is given by dM (t, 0) = µM (t, 0)dt + σM (t, 0)dW t (19) where W denotes a standard Brownian motion zero at t = 0 and µ, σ are constants.
As is well-known the BS model is free of arbitrage opportunities and complete, so that every contingent claim is hedgeable. In particular, this means that the theory presented in the previous sections is well adapted to the BS model, and thus is an ideal candidate for playing the role of the standard economy.
Conclusion
The goal of this paper has been the construction of an arbitrage pricing model with transaction costs that incorporates the dependence of the ask and the bid price on the traded volume. Continuous trading is possible but with finite quadratic variation trading strategies. The model establishes simple and reasonable conditions for excluding arbitrage opportunities under transaction costs. In this setting, the first fundamental theorem of asset pricing (FFTAP) is valid. In addition, contingent claims are replicable in an L 2 -sense with risk-neutral price given by the standard price in a market without transaction costs. To facilitate the understanding of the model, the paper illustrate the model by using a linear example of an economy with linear transaction costs in the traded volume.
Appendix A. Self-financing portfolio
The aim of this appendix is to derive the continuous version of Equation (6) for every t ∈ [0, T ]. Let 0 = τ n 0 ≤ τ n 1 ≤ ... ≤ τ n in = t be a sequence of stopping times. Take the first sum of Equation (6), and evaluate the sum as n → ∞. As it is easily seen, this is just an Itó integral. With regards to the other terms, we will prove in detail the convergence of the second and the third sum. The other terms can be derived in a similar fashion.
Write
is a finite quantity. Since the function Z 1 has bounded quadratic variation, i.e.
we may approach Riemman-Stieltjes integral to show that the limit above exists. This is one of the conditions for the existence of the Riemann-Stieltjes integral, another existence condition states that the integrand and the integrator should have no discontinuities at the same point (see Hildebrandt [25] ). Thus, when Z 1 is left-continuous, the sum in (21) is well-defined. When Z 1 is cádlág, the integrand need to be left-continuous. However, we will prove that the sum (21) is well-posed even when Z 1 is cádlág. This will be done by first showing the existence of the Riemann-Stieltjes integral for the functions M ′ (s − , 0) and Z 1 , and then proving the convergence of Equation (21) as n → ∞. 1 Lemma 3. Let M ′ (·, 0) be a cádlág (locally bounded) process and Z 1 a cádlág (predictable) quadratic bounded variation function. Then, the limits as n → ∞ of i≥1 M ′ (τ n i− , 0)(∆Z 1 τ n i ) 2 exists, and is given by ( 
Before giving the proof, we first recall an important lemma which will be needed in the proof of Theorem. 
Since ǫ was arbitrary the function M ′ (S − , 0) is integrable with respect to [
Definition 7. Let M ′ (t, 0) be a cádlág stochastic process and let Z 1 be a predictable stochastic process of quadratic bounded variation as in Assumption (1) . Then the integral
s is well-defined whenever the right-hand side of Equation (23) exists. To justify the definition above, it suffices to focus on the following relationship
The last term is zero when Z 1 and M ′ (t, 0) have no simultaneous jumps. In particular, when Z 1 is left-continuous. Furthermore, note that the second term on the right-hand side of Equation (23) is convergent, since
The next step is to proof the convergence of
To this purpose, using the explicit form of the remainder in the Taylor's formula and the Mean value theorem,
Assume now that Z 1 is cádlág. Taking the sum and the limit of Equation (24), we have that The left and the right limit of Z 1 imply that J Z 1 ǫ is finite. Assume for the moment that M ′ (t, y) is uniformly bounded in t and y by L. Therefore, since Z 1 has bounded quadratic variation, the first sum is bounded by 1/2LC and converges to The second sum is bounded by 1/2ǫ 2 L, which itself is bounded by 1/2LC. Summing up, the first two terms converge to 
Note that ǫ is arbitrary and can be always choosen so that the second term is approximately zero. We can do the same thing with Z 1 being a cáglád process. Using the same argument as above, the sum in (25) is written as when Z 1 is cáglád.
For the general case, it is sufficient to define V y l = inf{t > 0 : M ′ (t, y) > l} andM (t, y) = M (t, y)1 [0,V y l ) . Therefore, the previous results hold forM (t, y) for every l. To prove the general result for M it is sufficient to take the limit as l tends to infinity. The proof is similar to the proof of Itó Lemma in Protter [34] .
The remaining terms of Equation (6) can be derived in a similar manner to above. To see it, write lim n→∞ i≥1 P ′ (τ n i , 0)sgn(∆Z 1 . Then we may define the Riemann-Stieltjes integral of P ′ (t−, 0) with respect to (|Z|, Z) as in Lemma (3). Therefore, a slight modification of Definition (7) yields Theorem 5 (The standard FFTAP). Let S be a locally bounded positive semimartingale. Then, there is NFLVR in the standard economy if and only if there exists a Q-local martingale measure equivalent to P such that S is a Q-local martingale.
Proof. See Delbaen and Schachermayer [12] and Delbaen [13] for a formal proof.
Theorem 6 (The standard SFTAP). Let M (t, 0) be as in Assumption (5) . Suppose the equivalent Q-local martingale measure is unique. Then the standard economy is complete.
Proof. See Harrison and Pliska [22] .
